SEMI-PRIME RINGS

BY
R. E. JOHNSON

Following Nagata [2], we call an ideal of a ring semi-prime if and only if
it is an intersection of prime ideals of the ring. A semi-prime ring is one in
which the zero ideal is semi-prime. In view of the definition of the prime
radical of a ring given by McCoy [1, p. 829], we have that a ring is semi-
prime if and only if it has a zero prime radical. The semi-simple rings of
Jacobson [6] are also semi-prime.

In the first section of this paper, general properties of a semi-prime ring R
are developed. The discussion centers around the concept of the component
I° of a right ideal I of R. The component I° of I is just the left annihilator of
the right annihilator of I.

The second section is devoted to a study of the prime right ideals of a
semi-prime ring R. Prime right ideals are defined in R much as they are in a
prime ring [7]. Associated with each right ideal I of R is a least prime right
ideal p(I) containing I. Some generalizations of results of [7] are obtained.
Thus if I and I’ are any right ideals of R and if ¢ is any element of R, it is
proved that p(INI'") =p(I)MNp(I’) and that p((I:a)) = (p(I):a).

In the third section, the structure of a semi-prime ring R is introduced
along the lines of the structure of a prime ring given in [7] and [8]. If B.(R)
is the algebra of all prime right ideals of R, then a subalgebra & of B,.(R) is a
structure of R if (A1) to (A3) given below are satisfied. For each right ideal
of R, I'* is the least element of R containing I.

(A1) 0, RER.

(A2) (INIY*=I*MI'* I, I’ any right ideals of R.

(A3) (I:a)*=(I*:a), aER, I any right ideal of R.

(A4) The algebra R has atoms.

In case (A4) is also satisfied by a structure R, this structure is called an
a-structure of R. It is proved that if R has an a-structure 3, then any ideal S
of R also has an a-structure provided that some atom of R intersects S.
Conversely, if the ideal S of R has an a-structure &, then R has an a-structure
% induced by that of S. If, furthermore, S°=R, then & and R are isomorphic.

The final section is devoted to the determination of all semi-prime rings
having an a-structure. If I is an atom of the a-structure & of R, then I°is a
prime ring. The union of all such prime rings contained in R is called the
base of R. It is shown that the base B of R is the direct sum of the prime rings
I¢, I an atom of R, and that R= (B4 Br)¢ where Br is the right annihilator of
B. Associated with each semi-prime ring R is a universal extension ring N(R)
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containing R as an ideal and having the property that Re=N(R) [9]. The
final result is that R is a semi-prime ring with e-structure if and only if
B®B'CRCN(B)®N(B'), where B is the direct sum of prime rings each
having an a-structure and B’ is a semi-prime ring having a non-atomic struc-
ture.

1. The component of an ideal. Our discussion throughout the paper is
limited to semi-prime rings. For any ring R, the sets of ideals, right ideals,
and left ideals are denoted respectively by 3(R), &(R), and Si(R). If Sis a
subset of R, then S (S*) denotes the right (left) annihilator of S in R.
Clearly S"€3,(R) and S'EJ:i(R); S* (SY) is called an annihilating right (left)
ideal. We denote by %,(R) (UA;(R)) the set of all annihilating right (left) ideals
of R, and let A(R) =A(R)NA;(R).

If B is a set of subsets of a given set B that is closed under the
operation of infinite intersection, then {EB; c, f\} is called an algebra. This
is the only sense in which the word algebra is used in this paper. For example,
each of the sets of ideals defined in the previous paragraph is an algebra. If
B is in B, then B defines a closure operation on any set € of subsets of B
containing B. Thus for each SEE, define S* as the intersection of all elements
of B containing .S. The mapping *: S—S* is a closure operation on §; that is,
SCS*; S*¥*=S*; if SCS’ then S*C.S'*,

Levitzki [3, p. 29] and Nagata [2, Proposition 8] have recently proved
that a ring is semi-prime if and only if it contains no nonzero nilpotent ideals.
Clearly, then, a ring is semi-prime if and only if it contains no nonzero nil-
potent right (left) ideals. Every ideal of a semi-prime ring is also a semi-
prime ring [1, Theorem 4].

The results of this section have obvious duals obtained by interchanging
the roles of the right and left ideals.

1.1 LemMma. If IEZ(R) and SEJ(R), then IS =0 if and only if INS=0.

Proof. This follows from the chain (INS)*CISCINS.

A consequence of 1.1 is that INI7=0 for each I&J,(R). If SEA(R) then
S=3S%, and since (575)2=0, evidently S"S=0. We conclude that S*=S’ for
each SESU(R). We also note that S7 is the unique complement of S in that S*
is the largest ideal of R such that SNS*=0.

For each 7€ 3,(R), the component I° of I in R is defined by

I = I,

Clearly I°‘cA(R), and the mapping °: I—I° is a closure operation on $,(R).
The component I° of I is not in general the least ideal of R containing I, nor
is it in general even the least semi-prime ideal of R containing I. However,
I¢ is a semi-prime ideal of R as we now show.

1.2 THEOREM. For each IE S, (R), I° is a semi-prime ideal of R.
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Proof. If, for SEX(R), R/S is not a semi-prime ring, then there exists
TESJ(R) such that
TDS, T:C S.

Now (TNS7):CT?MS"=0, and therefore 7.S"=0. This proves that TCS¢,
and hence that S5

Since Ic=1I¢, it follows that R/I° is a semi-prime ring, that is, that I°
is a semi-prime ideal of R. This proves 1.2.

According to this lemma, A(R) is an algebra of semi-prime ideals of R.
We shall give now another useful characterization of the ideals of A(R).

For SEJ(R) and IE€J,(R) with SDI, we shall say that S is close to I
if for each TEJ(R),

TNS#0 implies TNI#0.

1.3 THEOREM. For each 1€ 3, (R), I° is the unique maximal close ideal of
I

Proof. We first show that I° is close to I. If TNI*=S5#0, TEJ(R),
then IS#0. For if IS=0, then SCI* and S2=0 contrary to the assumption
that $0. Thus IMNS50 and I° is close to I.

If SES(R), SDI, and SI*>0, then SNI'=T has the property that
TS0, TNI=0. Hence S is not close to I. We conclude that S is close to
I if and only if SCI¢. This proves 1.3.

1.4 THEOREM. If IESJ(R) and SEI(R), then
ISy =(INS)y =INSe

Proof. Since ISCINSCI°MS?, and I'NS*EA(R), clearly
(IS)* S (I N S): S IcN S

If T"EJ(R), T'"N({IN\S°) =T0, then TNS°#0 and TNS>0. Since TNS
C I, evidently TN(INS) 0. Now

(TNINS))CSTNIS,
and therefore T\IS#0. This proves that (IS)°=1°\S° in view of 1.3.
1.5 CoroLrARY. If I, I'ESJ,(R), then (II')e=I¢MN\I'"".
Proof. We first note that (RI')°=1I'". Hence
(I D IS(RI")e = I° M I

Evidently (II")¢CI°*M\I’¢, and the corollary follows.
For each TE3,(R), (I+1I7)*CI'MI°=0 and therefore

I+1I)=R
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More generally, we have the following result.
1.6 THEOREM. If IES,(R) and SEA(R) with ICS, then
I+ ITNS)y =S

Proof. By the modular law, I4+I'M\S=(I4+I)\S. Hence, by 1.4,
I+INS)e=T+Ir)*NS=S.

1.7 THEOREM. For each SEJ(R), A.(S)={INS; IEA(R)}.

Proof. For each subset 4 of S, the right annihilator of 4 in S is simply
A™NS. If A€A,(S), then it is evident from the equation A'4 =0 that
AEJ(R) and A'€J(R). Also, if AEJ(R), ¢cES with (ANS)c=0, then
(Ac)?=(AcA)c=0 and Ac=0. Thus (ANS)"MS=A4rNS, and 1.7 follows.

A corollary of 1.7 is that %(S) = {INS; IEA(R) }.

2. Prime right ideals. The concept of a prime right ideal was introduced
for prime rings in [7]. We show now that this concept is fruitful in a semi-
prime ring also.

The right ideal I of R is called a prime right ideal if and only if

2.1 abC1, a, bESZ(R) with bc=R, implies aC 1.

The condition b°=R is equivalent to the condition b>£0 in case R is a prime
ring, for in a prime ring A(R) = {0, R}.

It is clear that b in 2.1 might just as well be assumed to be an ideal of R,
since abC 7 implies a(Rb)C I, and (Rb)°=b°=R. We shall henceforth assume
this fact whenever it is convenient.

If aER, bEJ(R) with b*=R, and if abZ I, a prime right ideal of R, then
evidently a&I. In particular, aRCI implies a & 1.

If IES(R) and abZI, a, bEF(R) with b*=R, then a*Mb*CSI° and
a°CI°. Thus aCI° regardless of whether or not I is prime.

2.2 LEMMA. If I is a prime right ideal of R and if abCZ I, where a, b& J+(R)
with acCbe, then necessarily aC 1.

Proof. Evidently a(b+b") =abZ 1. Since (b+b")°=R by 1.6, necessarily
aC I according to 2.1,

It is evident that prime left ideals may be defined similarly, and that our
results on prime right ideals also apply to prime left ideals. We shall denote
the set of all prime right (left) ideals of R by PB.(R) (B:i(R)). It is clear that
PB-(R) and P;(R) are algebras. In view of our remarks before 2.2, we see that

A(R) S P:(R) N Bu(R).

The bound of a right (left) ideal I of R is defined to be the largest ideal of R
contained in 7. We denote the bound of I by I°.

2.3 THEOREM. For each IEPB,(R) we have PCA(R).
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Proof. If abC I?, a, bESJ,(R) with b*=R, then a'6C I® where a’ is the ideal
of R generated by a. Since /& B,(R), we must have a’CI; and since a’ EX(R),
o’CIb Thus IPEP,(R). Now I*[PC I and therefore I*CI* by 2.2. Hence
IPEUA(R) as desired.

It is obvious from 2.3 that an ideal S of R is in P,(R) if and only if S
€ A(R). It also follows that

A(R) = PB(R) N Pu(R).

2.4 THEOREM. If SEU(R), then PB,(S)SB.(R) and Bi(S)SPu(R) so that
AS)SAR).

Proof. If 71&%$,(S), then TRCT since (IR)SCI. Thus B.(S)CSF.(R). If
IEB.(S) and ablI, a, bEF,(R) with b°=R, then a(bN\S)CI, and since
aCS, aCI. Thus IEB,(R) and the theorem follows.

The following theorem is analogous to [9, 2.5] which applies to prime
rings.

2.5 THEOREM. Assume that SEJ(R) and that S°=R. For each IEP.(S),
define

I'={a;a €ER,aSCI}.

Then I=1I'N\S and the mapping ': I—I' is an isomorphism betiveen the alge-
bras PB.(S) and PB,.(R).

Proof. We see immediately that B,.(S)E&,(R) and that I=I'"NS for each
IE€B.(S). If abZT, a, bEJ,(R) with b*=R, then (aS)(bS)ZI, aSCI, and
finally aCI’. Thus I'EB,.(R).

If I'EB.(R) and I=I'NS, and if abT1, a, bEF,(S) with b°=S, then
(aS)(BS)ZI. Since aS, bSEF,(R) and (bS)°=R, this implies that aSCI’'NS
due to the primeness of I’. Hence aC I by remarks following 2.1 and IE€$,(S).

If 'N\S=I1"NS for some I', I"EP,(R), then I'SCI"” and I""SCTI'.
Thus I’=1". This completes the proof of 2.5.

We derive from 2.4 and 2.5 that for each SEJ(R), B.(S) is isomorphic
to the subalgebra P,(S°) of B,(R). The mapping of 2.5 also is an isomorphism
between A(S) and A(R).

2.6 THEOREM. If {Sa} is a set of semi-prime rings and if S=U.S, is the
(finite) direct sum of the rings of this set, then

SBT(S) = {gla: Ia E %r(sa)}.

Proof. Let I=U,I,, I.EPB.(S.). If abg[, where a, 6&€3,(S) and b= S,
then (aS.)(0S.) S 1., and since (bS.)°=S., aS.C1.. Thus for each a=U.a.
€a, a.5.&1, and a.,&E1, This proves that a&1, and hence that aClI.
Therefore I&%B,(S).

If, conversely, I&%B,(S), then IS,CINS,. Since INS.EP,(S,), an
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argument similar to that of the previous paragraph proves that ICU.(INS,).
Thus I=U.(INS.), and the proof of 2.6 is completed.

If & is a partially-ordered set with a least element 0, then a least nonzero
element of & is called an atom of &. The atoms of A(R) are described by the
following theorem.

2.7. THEOREM. The element S of U(R) is an atom if and only if S is a prime
ring.

Proof. If S is an atom of A(R), and if ab=0, a, bEJF(S), then aMNbc=0,
o, b eA(S). Since A(S)SA(R) by 2.4, and since S is an atom of A(R),
clearly either a°=0 or b°=0. Hence S is a prime ring.

On the other hand, if S is a prime ring and SEA(R), and if 02T C.S for
some T'EA(R), then T(T*MNS)=0 and T'"MNS=0. Hence SCT, and we con-
clude that S is an atom of A(R).

With each IEJ,(R) we can associate its prime cover p(I), p(I) being
the least element of PB,.(R) containing I. The mapping

p:I— p(I)

of §,(R) onto B,(R) is a closure operation on ,(R), and since ICp(I)CSI°,
clearly (p(I))e=1I-.

2.8 THEOREM. For each I, ,ES,(R) we have
(I M Iz) = p(I1) M p(Iy).

Proof. Let B be the set of all right ideals I of R such that
IDL, INICpINI).

Since Zorn’s lemma applies to B, we may select a maximal element I from
B. Let us prove that I&PB.(R).

If abC 1, a, bESJ,(R) with b*=R and a DI, then

(af\Iz)h CabNI,CINI, Qp(IIF\Ig).

Hence aNI,Cp(l1N1,) and a=1I since I is maximal in 8. Thus TEB,(R).
Clearly, then, P(Il)mfzgp(l-ln[z)

A continuation of the same process obviously yields that p(I)N\p(Is)
Cp(L1iN ). Since it is evident that p(LiN\I)Sp(11)MNp(12), the proof of 2.8

is complete.
We recall that for IES,(R) and a ER,

(I:a) = {b;bER,abE I}.
2.9 LEmMA. If IEB.(R) and aER, then (I:a) EP.(R).

Proof. If abC(I:a), a, bEZ(R) with b°=R, then (aa)bCI and aall.
Thus aC(I:a), which proves that (I:a) EB.(R).



1954] SEMI-PRIME RINGS 381

2.10 LEMMA. If aER and IESJ,(R) are such that (I:a)EPB(R), then
(I:a)=(p(I):a).

Proof. If ([:a)=(I.:a) for some linear sequence {I..} C&(R), then
ax€U,.I, implies that ax&I, for some «, and this in turn implies that
xE(I:a). Thus (I:a) =(Uu.l.:a). Let B consist of all I’EF,(R) such that
I'DI, (I:a)=":a). By Zorn’s lemma, 8 contains a maximal element I;.
Let us prove that ;& B,(R).

If abZ 14, a, bEJ,(R) with b°=R and a D1, then

a(a:a)p C I, and (a:a)b € (I:a).

Since (I:a) EP,(R), we have (a:a) S(I:a). The maximality of I in B there-
fore implies that a=1I;. Thus I;EB,.(R).
Clearly I, Dp(I), and (I:a)=(p(I):a)=(I1:a) as desired.

2.11 LeMMA. If aER and IESX,(R), then ap(I)Sp(al).

Proof. Since (p(al):a)2I, evidently (p(al):a)2p(I). Hence ap(l)
Sp(al).

2.12 LEMMA. If aER and IEF,(R) with I2(0:a), then
aR N plal) = ap(I).

Proof. Since I2(0:a), we have I=(al:a). Similarly, (ap(I): a) =p(I).
Now aep(I)Sp(al) by 2.11, and therefore

p(al) S p(ap(D)) S p(p(al)) = p(al).

Thus p(al) =p(ap(I)). We have by 2.10 that (p(ap(l)):a) =p(I), and hence
that (p(al):a) =p(I). Thus aRNp(al)=ap(I), and 2.12 is proved.

2.13 THEOREM. For each aER and IESJ,(R), we have
p((I:a)) = (p(D):0).
Proof. Since (I:a)2(0:a), aRMNI=a(I:a) and, by 2.8,
p(aR) N p(I) = p(a(I:a)).

Thus aRNp(I)=aRNp(a(l:a)) and aRNp(I)=ap((I:a)) by 2.12. Hence
(p(I):a)=p(({:a)) and the theorem is proved.

Since p((I:a)) =(p(I):a) =R if and only if aEp(I), it is clear that p(I)
may be characterized as follows.

2.14 CoroLLARY. For each IE3,(R),
p(I) = {a;a € R, p((I:0)) = R}.

3. Structures of semi-prime rings. Consider a semi-prime ring R. A sub-
algebra R of B,(R) is called a (right) structure of R if the following three
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axioms are satisfied. For each ITE J,(R), we denote by I'* the least element
of R containing I.

(A1) 0, RER.

(A2) ININY*=I*NI'* 1, I'EZ(R).

(A3) (I:a)*=(I*:a), IEJ(R), aER.

We shall restrict ourselves to right structures, although obviously one
could make similar remarks about left structures.

In view of the results §2, every semi-prime ring R has at least one struc-
ture, namely PB.(R). It is not difficult to show that a ring can have more than
one structure.

If R is a structure of R, then we note from (A1) and (A3) that (0:a)ER
for each a & R. It is clear then that

B(R) 2R 2 A(R) 2 A(R).

Also, since ICp(I)CSI* for each IEJ,(R), we have (p(I))*=1TI*.
For each I€%,(R), the following analogue of 2.13 clearly holds in R.

3.1 I* = {a;aER, (I:a)*=R}.

A structure R of R is called an a-structure of R if the following additional
axiom is satisfied by R.

(A4) The algebra R has atoms.

The structure PB,(R) is an a-structure of R provided that R has minimal
nonzero prime right ideals. In particular, any semi-simple ring (in the sense
of Jacobson [6]) with minimal nonzero right ideals has B.(R) as an a-structure,
since it is easily shown that the minimal right ideals of R are in $,(R).

A rather trivial example of a semi-prime ring R that is neither a prime
ring nor a semi-simple ring with minimal right ideals and that has an a-struc-
ture is given now. Let I be the ring of integers, and

3.2 R=1{(a,0);(dETDIa+bc2I}.
If
Sl={(a,0);a€21}, Sy = {(O,a);aEZI},

then B,.(R) = {0, S1, s, R} since R is commutative and P,.(R) =A(R) by 2.3.
Clearly $.(R) is an a-structure of R. We note that if S=.S5,4+.5,, then R/S
=1/(2).

3.3 THEOREM. If R is an a-structure of R and I is an atom of R, then I°
is an atom of A(R).

Proof. If 0=SCI°, SEA(R), then SNI#0 and ICS. Hence I°C.S, and
we conclude that I° is an atom of A(R).

This theorem together with 2.7 implies that if I is an atom of R, then I¢
is a prime ring.



1954] SEMI-PRIME RINGS 383

The remainder of this section will be devoted to the following problems.
If S is an ideal of R, does an a-structure of R induce an a-structure of S?
And, conversely, does an a-structure of .S induce an a-structure of R? The
answer to each of these questions, with certain obvious restrictions, is yes
as we shall now show.

3.4 THEOREM. Let R be an a-structure of R and SEUA(R), with at least one
atom of R being contained in S. Then S = I,{S)NR is an a-structure of S.

Proof. It is evident from 2.4 that & is a subalgebra of B.(S). If I* denotes
the least element of & containing 7€ S, (S), then I'* = (I.5)* since p(I) =p(IS).
Note that ISES,(R) and that (I5)* is the least element of % containing IS.
It is immediate that (A1) and (A4) hold for &; and (A2) is a consequence
of the following chain of inclusion relations:

ININ*DASNIS)*=I*NI*2DINTI)* I, I' € 3«(5).
For any ideal T of R, we shall use the notation (/:a)r to mean
(I:a)r = {b;bE T, abE I}, aERICR
Clearly
(INT:a)r = T:a)r N\ T.
In order to prove that (A3) holds for &, let I&3,(S) and ¢ ES. Then

(I":a)r = (IS)*:0)r = US:0)s S (I:0)7 C (I*:0)z.

Hence (I*:a)r= (I:a)§and (I*:a)s=(I:a)§. This completes the proof of 3.4.
If SEJ(R) such that Se=R, then we proved in 2.5 that the structures
B,(R) and B,(S) are isomorphic under the mapping

3.5 I'-1rns, I' € B.(R).

If ® and & are subsets of PB,(R) and B,(S) respectively that are in a 1-1 cor-
respondence by the above mapping, then evidently R is an algebra if and
only if & is an algebra.

3.6 THEOREM. Let SEJ(R) such that S°=R. If R and S are subalgebras
of B+(R) and B.(S) respectively that are isomorphic under the mapping 3.5, then
R is an a-structure of R if and only if & is an a-structure of S.

Proof. It is clear that if either i or & satisfies (Al) and (A4) then they
both do. So let us assume that R and & are algebras satisfying both (A1)
and (A4). For each I in $.(R) (8.(S)), let I* (I4) be the least element of
R(S) containing I. Evidently

IA = (ISA = ISH*NS, IE3.(5).
If (A2) holds for R, then for each I, I'E€J,(S),
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ININADUISNINHA=ISNIS*NS = IS*NI'S)*N S
=IANTAD (INTI)A '

Hence (A2) holds for & also. Conversely, if (A2) holds for &, then for each
I, I'e3+(R),

ININ*NSDISNISH* NS =ISNIS)A=1ANTA

=IS*NI'S*NS=IF*NI*NSDINI*NS.
Hence (INI')*=I*"\I'* and (A2) holds for %.
Let us now assume that (A1), (A2), and (A4) hold for both i and &, and

prove that if (A3) holds for either R or & then it holds for both. If (A3) is
satisfied by R, and if IE€3J,(S), a €S, then

(I*:0)s = (IS)* N S:a)s = (IS)*:0)z NS = (IS:a)sN S

= [IS: )z N STF NS = (IS:0)5 C (I:0)5 < (IA:0)s.

Thus (A3) is satisfied by &.

Finally, let us assume that (A3) is satisfied by &, and prove that it also
holds for R. First, let us prove that for each /&€& and ¢ &R we have (I:a)s
€6. To that end, let J=(I:a)s, cEJA, and L=(J:c)s. Then LA=3S,
and since (I:ac)sDL, (I:ac)s=(I:ac)®=S. Hence acEI and we conclude
that aJACI, that is, that J=J4 and (I:a)sES.

If I€3.(S), aER, and cES, then

((I:0)s:¢)s = (I:ac)s
and
(I*:00)s = ((I*:0)s:0)s = (I:a0)s = ((I:0)s:0)s = ((I:0)5:0)s.
Thus ((I*:a)s:c)s= ((I:a)#:c)sfor each cES, and since (I4:a)s, ([:a)AES,
this clearly implies that
*:0)s = T:0)5, IE3(5),6ER

To complete the proof that (A3) holds for R, let IES,(R) and aER.
Then
A
]

(I:0)NS = [N S]* = TN S:0)8 = (NS0

={"NS:a)s = (":a)r N S.
Thus (I:a)3=(I*:a)z and (A3) holds for R. This completes the proof of 3.6.

3.7 TuEOREM. If {S.} is a set of rings such that each S, of the set has a
structure Sq, and if ©=U,S, is the (finite) direct sum of the rings of this set,
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then
@ = {yla;laega}

is a structure of S. This structure is an a-structure if and only if some S, is an
a-structure.

Proof. If Iy=U,I3.&S, then Npglg=Ua(Npls.) ES and we conclude that
© is an algebra; it is a subalgebra of PB.(S) by 2.6. For each IE€3,(S), it is
clear that the least element I* of & containing I is given by

I* = 9 INSL)*,
where (I/MS,)* is the least element of &, containing IM\.S,. Since
(g Ia) N (g I.,") =UU.NI)

for any I,, I/ €3,(S.), evidently (A2) holds for &. In order to prove (A3)
for &, note first that

(LaJ I¢:a> = 9 (Ta:8)a

where ¢ €S and I,&3,(S,), and
(I:a)a = {b;bE S,, abE I}.
Hence for each I€J,(S), a €S,

(I*:a) = lg (TN S)*:a)a = 9 (IﬂSa:a): = (9 (IﬂS.,:a)a)*

- (9 N s.,:a)* C (I:0)* C (I*:0).

Thus (A3) holds for &, and & is a structure of S. Clearly, & is an a-structure
if and only if some &, has atoms. This proves 3.7.

If now S is any ideal of the semi-prime ring R, then a structure R of R
induces a structure of S¢ by 3.4. In turn, the structure of S° induces an iso-
morphic structure of S by 3.6. The resulting structure of S is an a-structure if
and only if R is an e-structure having at least one of its atoms contained in S°.

If, conversely, the ideal S of the semi-prime ring R has a structure &,
then a structure of R is induced by &. To see this, we take an arbitrary struc-
ture &' of S7. For example, we might select &' =B,(S7). Then & and &’ in-
duce a structure of S+.57 by 3.7. Finally, this structure of S+S5" induces an
isomorphic structure of R by 3.6, since R=(S+S57)e. Clearly the induced
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structure of R is an a-structure if & is.
4. Determination of all semi-prime rings with a-structures. If R is a
semi-prime ring with a-structure &, and if

B(R) = {I‘;I ER, I an atom},

then the base of R is defined to be the ring union B of all elements of B: B
=UuS,, SEB(R). In view of 2.7 and 3.3, the elements of B(R) are prime
rings.

4.1 THEOREM. The base B of a ring R is the (finite) direct sum of the distinct
elements of B(R).

Proof. If {S.; a€A} CB(R) and TEB(R) with

Tf\( U Sa) # 0,
aEA

then

Tf'\(lj Si)?ﬁO

=1

for some finite subset of {S.}. Hence

T(G Si) # 0,
=1

and therefore T'S;5%0 for some S:€ {S.}. Since S; and T are atoms of A(R),
evidently T'=S;. Thus B is a direct sum of the elements of B(R).

The base B of a ring R is similar to the socle of a semi-simple ring with
minimal right ideals as defined by Dieudonné [4]. The socle is defined to be
the union of all minimal right ideals of the ring. Dieudonné shows that the
socle of a ring is a direct sum of simple rings. It is clear that if R is a semi-
simple ring with minimal right ideals, then the socle of R is contained in the
base of R.

If the ring R has an a-structure R, then the component B¢ of the base
B in R has an a-structure induced by R according to 3.4. Now B is the base
of B¢ and B itself has an a-structure isomorphic to that of B¢ by 3.6. In turn,
each prime ring B,E8(R) has an a-structure induced by R. Since the a-struc-
ture of a prime ring is unique [7, p. 806], the a-structure of each B, induced
by R must be the intrinsic a-structure of B,. The base B of R has a structure
induced by the prime rings B.&EB(R) according to 3.7. Let us now prove that
this is the unique a-structure of B.

4.2 THEOREM. If B is the base of R so that B=U,B., B.E8B(R), and if
S is the a-structure of B, then
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@= {l&, Ia; IaG@a}

s the unique a-structure of B.

Proof. Let &’ be an a-structure of B such that the base of B relative to
&' is again B. Then &'N3,(B.) =S, for each « in view of 3.4 and the
uniqueness of the a-structure of a prime ring. For each I€ 3,(B), let T4 (I*)
be the least element of &’ (&) containing I. If I€ S,(B.), then I4=TI* Now
for any IE€S3,(B), (INBL)*CIA and therefore I*=U,(INB,)*CIA. Thus

IA% = [A = U (1A N Bo)* = U (I N Bo)A* = I,

and we conclude that &' =&.

We know now that if R is any semi-prime ring with a-structure i and
base B, then R= (B4 B)° where B has an intrinsic a-structure induced by its
prime components and B~ has a structure induced by % that definitely is not
atomic. Let us now try to find all semi-prime rings that possess a-structures.

For a given ring R, such as a semi-prime ring, having the property that
Rr=0, it was shown in [9, 1.2] that there exists a universal extension ring
N(R) containing R as an ideal and having the property that R"=0 in N(R).
Another way of looking at it is that N(R) is a maximal ring containing R as
an ideal for which R°=N(R).

The ring N(R) may be defined in the following way. Consider the additive
group R* of R as a left R-module and let E(R) be the total endomorphism
ring of this module. Then Rt may be considered as an (R, E(R))-module. It
is clear that R is a right ideal of E(R); one has only to select N(R) as the
normalizer of R in E(R).

4.3 THEOREM. If R is a semi-prime ring, then so is any ring T such that
RCTCN(R).

Proof. If S?=0, SEX(T), then (RS)2=0, and, since RSESJ;(R), RS=0.
Hence S=0, and we conclude that T is a semi-prime ring.

For any set {T.} of rings, we have been using the notation U,T, for the
finite direct sum of these rings. In the following theorem, the notation
>« T is used to signify the full direct sum of the rings of this set.

4.4 TueorEM. If {S.} is a set of semi-prime rings, then R=U,S, also is
a semi-prime ring and N(R) = D_. N(S.).

Proof. It is clear that R is semi-prime. Since (S.V(R)Ss)2=0 if a8,
SeN(R)Ss=0 and we conclude that each S.&J(N(R)). Hence for each
aEN(R), S.aCS, and a has the same effect on S, as some a,&EN(S.).
Clearly a= 4 a4 so that N(R)C > o N(S,). That Y . N(S.)SN(R) is evi-
dent, and 4.4 is proved.
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4.5 THEOREM. If R is a semi-prime ring with a-structure N and base B, then
B @® B"C RC N(B) @& N(B).

Furthermore, the rings B+B™ and N(B)+ N(B") have a-structures that are iso-
morphic to R.

This theorem follows readily from 4.4, 4.3, and 3.6.

In Example 3.2, B'=0, B=S5:1®S,, and NB)=I1I&I. Clearly BCR
CN(B), and B.(R) is isomorphic to P.(N(B)).

The final result of this paper is the following partial converse of 4.5. This
result is in a sense a generalization of the results of Jaffard [5] and Dieudonné
[4] on semi-simple rings with minimal right ideals.

4.6 THEOREM. If {Sa} is a set of prime rings each of which has an a-struc-
ture, if S=UaSa, and if S’ is a semi-prime ring with a non-atomic structure,
then S®S’ has an a-structure @ induced by its components. Any ring R such that

S®S"C RC N(S) & N(S)

has an a-structure RN isomorphic to S and the base of R relative to R is
Ua(RON(Sa)).

The structure & of S®S’ is as given in 3.7. The base of S®S’ relative to
& is just S, while the base of N(S) ®N(S’) relative to the structure induced
by (and isomorphic to) & is just U,N(S.). Clearly then the base of R is as
stated in 4.6.
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